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Abstract 

We introduce the notion of twisted generalized complex submanifolds and describe 
an equivalent characterization in terms of Poisson-Dirac submanifolds. Our characteri- 
zation recovers a result of Vaisman [21 J. An equivalent characterization is also given in 
terms of sprnors. As a consequence, we show that the fixed locus of an involution preserv- 
ing a twisted generalized complex structure is a twisted generalized complex submani- 
fold. We also prove that a twisted generalized complex manifold has a natural Poisson 
structure. We also discuss generalized Kahler submanifolds. 00 



1 Introduction 

Throughout this paper M will denote a smooth manifold. Generalized complex structures 
were originally defined by Hitchin [12J, and further studied by Gualtieri [llj. Examples 
of generalized complex structures include symplectic and complex manifolds. In order to 
define generalized complex structures we will recall some structures on TM © T*M. The 
Courant bracket was defined in [7J as 

lX + tY + 7jj = [X, Y] + Cxv - CvC - MviX) - aY)) (1) 

for all X,Y £ X(M) and ^,1] £ Q{M). There also exist smoothly varying nondegenerate 
symmetric bilinear forms on each fibre of TM © T*M. These are defined as 

{X + tY + 7i) = MY) + v{X)) (2) 

for all X,Y e TmM, C,r] e T^M and me M. 

A generalized complex structure is a smooth map J : TM ®T*M ^ TM ®T*M such that 
= —Id, J J* = Id, and the +z-eigenbundle of J is involutive with respect to the Courant 
bracket. 
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The primary objects of study in this paper are twisted manifolds. A manifold M endowed 
with a closed 3-form 17 will be called twisted. A twisted manifold has another well known 
bracket on X{M) © U{M): the twisted Courant bracket. This bracket was defined in |fT8| as 

IX + ^,Y + 7?!^ = [X, Y] + Cxv - Cvi - Mvi^) - ^(y)) + iyix^- (3) 

A twisted generalized complex structure is a smooth map J : TM © T*M TM © T*M such 
that = —Id, J J* = Id and the +z-eigenbundle of J is involutive with respect to rather 
than (dJ. The triple (M, VL, J) will be called a twisted generalized complex manifold. Indeed, 
generalized complex manifolds can be defined for arbitrary Courant algebroids. See [31 for 
details. 

The aim of this work is to characterize when a submanifold of a twisted generalized complex 
manifold is also a twisted generalized complex manifold. In the untwisted case, several 
notions of generalized complex submanifolds have been recently introduced. The notion 
defined here is similar to the one in [4J and l|2T| . A different notion of generalized complex 
submanifolds appears in [11 J. 

Definition 1. A twisted immersion, from one twisted manifold (A^, T) to another (M, n), is 
defined as a smooth immersion h : N ^ M with T = h*VL. A twisted generalized complex 
immersion from (A^, T, J') to (M, J7, J) is a twisted immersion h : {N, T) (M, fi) such that 
the puUback of the +i-eigenbundle of J is the +i-eigenbundle of J'. In this case, N is called 
a twisted generalized complex submanifold of M. 

By splitting vectors and covectors, a twisted generalized complex structure can be written as 



Here (f> is an endomorphism of TM, vr" : T*M TM is the bundle map induced by a 
bivector field vr, and a\, : TM — s- T*M is the bundle map induced by a 2-form a. The fact that 
= —Id also leads to the following formulas: 

02 + TT^CTi, = -Id, = vrV*, and (/>Vb = ct^c/'. (5) 

These facts, and others, were first noted in [8l. These results were also described using Pois- 
son quasi-Nijenhuis manifolds in [20]. The conditions for a submanifold to be twisted gen- 
eralized complex will be expressed in terms of this splitting. Using the theory of Lie bialge- 
broids we also show that vr from (|4| is a Poisson bivector field. Which, for the imtwisted case, 
is a standard result ||Tl[8l. 

Our work was inspired by HH, where the reduction of generalized complex structures is 
studied. The main result was also independently obtained by Vaisman If2l|. 

This paper is organized as follows. In Section 2, we recall some of the basic facts of Dirac 
structures. In particular we describe the pull back. In Section 3, we prove that a twisted 
generalized complex manifold carries a natural Poisson structure. In Section 4, we define the 
induced generalized complex structure, and characterize when it has the required properties. 
In Section 5, we prove the main theorem of this paper, and provide examples. Twisted gen- 
eralized complex involutions are also introduced in this section. In Section 6, we determine 
when a submanifold of a holomorphic Poisson manifold is itself endowed with an induced 
holomorphic Poisson structure. Section 7 is a restatement of our main result in terms of 
spinors. The last section discusses generalized Kahler submanifolds. 
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2 Dirac structures 

The aim of this section is to recall Dirac structures, and their pull backs. Before considering 
bundles, we will consider a vector space V. In this case a Dirac structure is nothing more than 
a maximal isotropic subspace ofV ®V*. Let qi denote the projection oiV QV* onto V, and 
(72 the projection onto V* . 

If L is a Dirac structure then there exists a natural skew-symmetric bilinear form A on L 
defined by 

A{X + ^,Y + r,)= ({Y) = -7]{X) for all X + + t] e L. 
It is easy to see that 

A(X + Ci, r + Vi) = MX + ^2,Y + m) for all X + 6,2, Y + r?i,2 € L, 

and 

A(Xi +^,Yi + r]) = A{X2 + e, ^2 + V) for all Xi,2 + ^, 11,2 + 
Hence, there exists a 2-form e onqi{L) defined by 

e{X, Y) = A{X + ^,Y + r])forallX + ^,Y + r] e L, 
and a 2-form 6 onq2{L) defined by 

9{C,rj) = -A{X + ^,Y + r]) ior all X + C,Y + r] e L. 

If X G qi{L) then there exists some ^ e V* with X + ^ e L; furthermore e{X, Y) = £,{Y) for 
all Y G qi{L). Thus ixe = Clgi(L)/ and 

X + ^eL X G gi(L) andixe = Clgi(L)- 

Thus knowing the Dirac structure L is exactly the same as knowing the subspace qi{L) and 
the 2-form e. Similarly, L is equivalent to the pair {q2{L),0). Thus any subspace R C V 
endowed with a 2-form e on R defines a Dirac structure L(R,e): 

L{R,e) = {X + ^ e R(BV* : ixe = C\b} , 
and any subspace C y* endowed with a 2-form vr on S defines a Dirac structure L{S, 9): 
L{S, 9) = {X + ^ £V (B S : 9{^, ri) = -r]{X) for all 77 G 5} . 

Details of these constructions can be found in Xl}. Let W be another vector space and ip : 
V ^ W a linear map. The map <p can be used to both pull Dirac structures back from W 
to V, and push Dirac structures forward from V to W. Let {R, e) be a Dirac structure on 
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W, with R (IW and e e T{K^R*). A Dirac structure on V is defined by {^p'^R, (p*e). This 
Dirac structure is called the pull back of {R, e) under 93. Similarly if {S, 9) is a Dirac structure 
on V, with S <^V* and defined on S, then (^*6') defines a Dirac structure on W. 

This Dirac structure is called the push forward of (5, 0) under 9?. These two maps of Dirac 
structures are denoted by T^p and B^p. It is very easy to see that for a Dirac structure L onW 



Dirac structures can also be defined for a twisted manifold (M, fi). A Dirac structure is a 
smooth subbundle L C TM © T*M for which each fibre is a Dirac structure of the cor- 
responding fibre of TM © T*M, and whose space of sections is closed under the twisted 
Courant bracket (|3]). The restriction of the twisted Courant bracket to a Dirac structure is a 
Lie bracket; thus a Dirac structure is naturally a Lie algebroid. 

The definitions of push forward and pull back can be reformulated for Dirac structures on 
manifolds. We will only consider the pull back of a Dirac structure, but more on the push 
forward can be found in [5J and [19] . We note that the pull back of a Dirac structure is 
automatically a maximal isotropic, but it need not be smooth or involutive. 

The last lemma of this section will be used to characterize when the puUback bundle is in- 
volutive. Let (M, il) and [N, T) be two twisted manifolds with an immersion : N M. 
Two sections = X + e X{N) © n{N) and au = Y + r] e X{M) © fi(M) are said to 
be (f-related, denoted by ~^ (Tm, if 5^ = and ^ = (^*7?. The following lemma is an 
extension of Lemma 2.2 from 1.19^ . This lemma is also true for complex sections, which is 
when it will be applied. 

Lemma 1. Assume that o-jv G T{TN © T*N) and a^j G r{TM © T*M) satisfy ^ ^\vfor 
i = 1,2. Then, ifip is a twisted immersion, 



Proof Write a}^ = + f and = Y' + r]\ where X* + f e X(N) © n{N) and + 77^ € 
X(M) © n{M), for i = l,2. Since a'j^ ^ a\j, for i = 1,2, then ip^X^ = Y' and (^*??^ = By 



B^{L) = {X + ip*C: X eV,^ eW* such that ipX + C e L'} 



and for a Dirac structure L' on V 



T^{L') = {(pX + C: X eV,^e W* suchthatX + G L} . 



I' 




definition 



laj„a%j^ = [X\X'] + Cx^e - C^^i' + 



}^d{e{X^)-e{X^))+ix^ix^'^ 



and 



}^d{'n^{Y^)-7f{Y^))+iY2iY^^. 



Now 



[X\X^] = [f,X\^,X^] = [Y\Y^] , 



and 



<p*{CY^if) =ip*{iYidr]^ + diyir/^) = (p*i^,x^dr]'^ + V*d{v^{Y^)) 
=ix^^*dr,' + difiX')) = ixidf + dixif = Cxif. 
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Similarly, 

The second last term becomes 

^*d{v\Y')-^\Y')) = d{eix')-eix')), 

since 

Finally, because is a twisted immersion, the following holds. 

□ 

3 The Poisson bivector field associated to a generalized complex 
structure 

For the usual Courant bracket it is well known that the existence of a generalized complex 
structure leads to a Poisson bivector [Tl[8Hl4l[l3l. In this chapter we will obtain the same 
result for arbitrary Courant algebroids and also give a new way of expressing the Poisson 
bivector. 

A Courant algebroid flS] is a triple consisting of a vector bundle E ^ M equipped with a 
non degenerate symmetric bilinear form (•, •), a skew-symmetric bracket [[•, •]] on r(£'), and a 
smooth bundle map E A TM called the anchor. These induce a natural differential operator 
V : C°°(M) ^ r{E) defined by 

{Vf,a) = ^p{a)f, (6) 

for all / € C°°{M) and a G '^{E). These structures must obey the following formulas for all 

a,b,c£ T{E) and f,ge C°^{M), 

p{la,bi) = [p{a),p{b)], (7) 
I [a, , c] + [ [6, cl , a] + [ [c, 4,h\=\V{ ([a, 61 , c) + ([6, , a) + ([c, a] , 6) ) , (8) 
[a, m = f la, bj + {p{a)f) b - {a, b) Vf, (9) 
poP = 0, i.e. {Vf,Vg) = 0, (10) 
p(a) (6, c) = ila, bj+V {a, b) ,c) + {b, [a, cj+V {a, c)) . (11) 

The relation 

lVf,4+V{Vf,a)=0 (12) 
is a consequence of these conditions IllTll . 

A smooth subbundle L of a Courant algebroid is called a Dirac subbundle if it is a maximal 
isotropic, with respect to (.,.) ••, and its space of sections r(L) is closed under [[•, ■}. While 
not all Courant algebroids are Lie algebroids (since the Jacobi identity is not satisfied), their 
Dirac subbundles are Lie algebroids. 
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Example 1 (IZl)- Given a smooth manifold M, the bundle TM M carries a natural Courant 
algebroid structure, where the anchor is the identity map and the pairing and bracket are 
given, respectively, by 

{X + tY + ri) = '^{^{Y) + ^{X)), 
lX + tY + 4 = [X, Y] + Cxri - Lri + \d{i{Y) - r?(X)) , 
VX,y G X'(M),Ve,r/ G 0^(M). 

Let £' be a Courant algebroid on a smooth manifold M. And let 



M—^M 

Id 

be a vector bundle map such that = —Id. Then the complexification E<c := £' ® C — with 
the extended C-linear Courant algebroid structure — decomposes as the direct sum L L of 
the eigenbundles of J. Here L is associated to the eigenvalue +i and its complex conjugate 
L to —i. The bundle map J is called a generalized complex structure if J is orthogonal with 
respect to (•, •) — this forces L and L to be isotropic — and the spaces of sections T{L) and 
r(L) are closed under the Courant bracket, or equivalently, J is "integrable": 

iJx, Jyj - Ix, yj - J{ iJx, yj + [x, Jyj ) = 0, Vx, y G T{E). 
Since the pairing is non degenerate, the map 

E: E ^ E* -.e^ {e,-) 

is an isomorphism of vector bundles. One has: E* = E (modulo the canonical isomorphism 
(E*)* = E)andEoJ + J*oE = 0. 

Proposition 1. The bracket 

{f,g} = 2{JVf,Vg), f,gGC^{M) (13) 
is a Poisson structure on the manifold M. 

Proof. It is easy to see that this bracket is a skew-symmetric derivation of C°° (M) . It remains 
to check that the Jacobi identity is satisfied. Since J is integrable, we have 

iJVf, JVgj - lVf,Vgj - J{lJVf,Vgj + [P/, JVgj) = 0, 

for all f,g e C°°{M). Pairing with Vh, we obtain 

{lJVf,JVgj ,Vh) - {lVf,Vgj,Vh) - {J{lJVf,Vgj + lVf,JVgj),Vh) = 0. (14) 

We compute the first term of l(T4]l : 

{lJVf,JVg},Vh) 

= ilJVf, JVgj + V {JVf, JVg) , Vh) by COll 

=p{JVf) {JVg, Vh) - {JVg, iJVf, Vhj + V {JVf, Vh)) by (E) 

= 2{V {JVg, Vh) , JVf) - {JVg, V {Vh, JVf) + V {JVf, Vh)) by © and ^ 

= 2{f,{g,h}}-2{g,{f,h}} hy m 

= 2{f,{g,h}} + 2{g,{h,f}} 
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By (O and ((TOl) , the second term of [\M vanishes. Finally, the third term of ([141) gives: 

-{J{lJVf,Vgj + lVf, JVgj),Vh) 
= - {J{V {Vg, JVf) - V {Vf, JVg)),Vh) by m 

= -{{/, g},h} + {{g,f},h} hym 
= 2{h,{f,g}} 

□ 

Proposition 2. Let H denote the bivector field on M associated to the Poisson bracket ((13)| . We have 

where : T*M TM is the vector bundle map equivalent to 11 G r(A^r*M) via n(a,/5) = 
/3(n^a), Va, /3 G r2-^(M). T?ze Hamiltonian vector field associated to the function f G C°°{M) is 

Xf = U^df = poJoVf. 

And the characteristic distribution is 

n«(T*M) =pj(kerp)^, 
where (ker p)-*- refers to the subbundle of E orthogonal to ker p with respect to (•,•). 

Proof. One has 

Xf{9) = {/, g] = 2 ( JP/, Ps) = p{JVf) {g) 

and 

n«(d/) = Xf = pjvf = \pj~-^p*{df) 

since (|6| can be reinterpreted as {Vf, ■) = ^E^^p*df. □ 

Proposition 3. IfE = TM is the standard Courant algebroid of Example^and the matrix represen- 
tation of J relative to the above direct sum decomposition is ( ), then n = vr. 

Proof. Here V coincides with the de Rham differential d. Thus 

{/, 5}n = 2 {JVf, Vg) = 2 (vr^d/ - dg) = dgiJdf) = {/, g}^ . 

□ 

Recall that the complexification of E decomposes as the direct sum Ec = © L_, where L± 
are Dirac structures (with anchor maps p±). Thus {L^,L-) is a complex Lie bialgebroid [TH, 
where Lj_ is identified with Lip via H. As shown in |[T6l Proposition 3.6], to any complex Lie 
bialgebroid is associated a complex bivector field w on M given by 

izu^ = /3_ o E^'^ o p*^ = —p^ o H^"^ o p*_. 

Lemma 2. The Poisson bivector w coming from the Lie bialgebroid structure {L^,L^) is real and 
coincides with U. 
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Proof. It suffices to observe that the following two compositions are both equal to 



and that their sum 



isequalto2nti. □ 
Proposition 4. p{L+) n p(L-) = A (g) C with A = p(Jker p) 

Proof. If f e p{Lj^) n p{L^), thenU G p{L-) fl p{L^). Hence there exists a subbundle A of 
TM such that p(L+) np(L_) = A (g) C. For all A; G kerp, onehas p{L+) 3 p{^k) = y{Jk). 
Therefore, p{J ker p) C p{L^). Since J is a real, p(Jkerp) C p{L^) n p{E) = A. It remains 
to prove the converse inclusion: A C /3(Jkerp). Since A = p{L^) n p{E), given 5 G A, 

there exists /+ G such that = S = p{l+). Thus 5 = p{ ^^%^^ ) = p{j C^2i^ )) "^ifh 

^±2r^Gker/9. □ 

Remark 1. lfE = TM is the standard Courant algebroid of ExampleHl then (ker p)^ =T*M = 
ker p. Therefore, in this particular case, n^(T^M) = p{L+) n p{L^), recovering Gualtieri's 
result IITTH . 

It would be interesting to explore when the symplectic foliation Il'^{T^M) coincides with 
p{L^) n p{L ) for arbitrary Courant algebroids. 



4 The induced generalized complex structure 

Consider two twisted manifolds (M, 17) and {N, T) with an immersion h : N —> M. Also, 
assume that there is a generalized complex structure J on M with eigenbundles and L_. 
The goal of this section is to characterize when the pull backs of L+ and L_ give a generalized 
complex structure on A^. The pull backs of -L+ and L_ will be called the induced bundles, and 
are given by 

L'± = Bh{L±) = {X + h*^:X£ TcN, ^ G T^M such that KX + ^ e L±} , 

By definition, both L'_^ and L'_ are maximal isotropics, but they need not be smooth or invo- 
lutive subbundles. The bundles may also have nontrivial intersection. The rest of this section 
is devoted to characterizing when the induced bundles have the desired properties. The first 
of these properties to be addressed will be the intersection property. 

Because L'_^ and L'_ are both maximal isotropics, it suffices to check that they span TqN © 
T^N. Consider the subbundle B = TN®T*M\n of TM®T*M. Its orthogonal, = TN°, is 
the kernel of the natural projection s : B r7V©r*iV, which maps X + ^ i-^ X + h*^. Itisnot 
hard to see that s((SnJ5)0C) = L\ + L'_. Thus the decomposition, TciVeT^iV = L'_^®L'_, 
holds if and only ii B = B r\ JB + B^. The preceding can be summarized in the following 
proposition. 

Proposition 5. The following assertions are equivalent. 
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(1) The subbundle L'^ is the +i-eigenbundle of a - not necessarily smooth - automorphism J' of 
TN e T*N such that J'^ = -Id and J' J'* = Id. 

(2) B = BnJB + B^. 

(3) JBCB + JB^. 

(4) JB^ nB CB-^. 



Conditions (3) and (4) follow from elementary calculations. In the sequel we will assume 
that the assertions of Proposition |5] are satisfied. Consider the restriction of J and s to the J- 
invariant subspace B n JB; the latter map will be denoted by s'. The kernel of s' is B-^ n JB. 
Under J, this kernel is mapped to JB^nB. This must be in JBnB and also, by Proposition|5l 
in B^, however B-^ C B. So the image of the kernel of s' isinB^nJBnB = B^n JB. Thus 
the kernel of s' is J-invariant and JlnnJB induces an automorphism of TN (ST*N: 



BnJB 



BnJB 



(15) 



TN®T*N- 



J' 



TN e r*A^. 



The induced automorphism is nothing but J' from Proposition |5l Indeed, the complexifica- 
tion of the above commutative diagram gives 



(L+ n Be) © (L_ n Be) 



(+i)Id®(-j)Id 



(L+ n Be) © (L^ n Be) 



L' © L'_ 



(+i)id®(-i)id 



L' © L'_ 



The following lemma relates condition (4) of Proposition |5] to the splitting of J: 



J 



Lemma 3. The following assertions are equivalent. 

(1) JB^ riB QB^. 

(2) TN n TT^TN") = and (piTN) CTN + ir^TN") 



Proof. The inclusion 
is true if, and only if, 

if, and only if. 



j(riv°) n {TN © t*m\n) c tn° 

! ^^TN° \ ^ TN- 

\ JC £TN ®T*M\n j ^ -"-^ 



TT^^eTN \ ^ 1 4>*^ G TN° 
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if, and only if, 

£ gTN" n(J)''^(TN) ^ f TT^'C = 
if, and only if, 

vrtt(riV°) nTN = and TN° n (7r»)"^(riV) C (</.(riV))°. 
Since tt is skew-symmetric (7rB)-i(riV) = {7r^{TN°))°, and 

r7V° n {J{TN")y c (0(TiV))° 

□ 

According to this lemma, the sum TN + 7r'*(TA^°) must be direct. In the sequel pr will denote 
the projection rA^e7r"(TiV°) TN. If vr is degenerate then neither the bundle riV©7rtt(rA^°), 
nor the map pr are necessarily smooth. 

For any ^ G T*N we claim that if 77, 77' G B f] JB such that ^ = h*r] = h*r]' then n^rj = ir'^r]'. 
Because 77 and t]' are preimages of ^ they differ by some element of TN°, and as i3 n JB is 
J-stable both Jt] and vrf??' are in TN. However TN D J{TN") = {0}, and the difference of 
the two preimages is zero. Thus the assignment ^ h->- tt'^t] defines a skew-symmetric vector 
bundle map from T*N to TN. Its associated bivector field on N will be denoted by vr'. 

The following technical lemmas will be used to show when J' is smooth. 

Lemma 4. Let X eTN andS, e TN". IfcpX + ir^^ £ TN then cpX + tt^C = (pr o(/.)X. 

Proof. For any X G TN the second assertion of Lemma|3]gives (f>X = Y + vr^r/, where Y G TN 
andr? G TN°. By definition y = (pr o(/.)X, and ^X+Tr^C = y+7rtt(r/+^). Both y and (?iX+7r»C 
are elements of TN; thus J{r] + ^) is also an element of TN. But TN n Tr^{TN°) = {0}, and 
r/ + ^ G TiV°. Thus 7r» (77 + ^) = 0. □ 

Lemma 5. Let pi : TN®T*N TNandp2 : TNeT*N T* N be the projections. IfX G TN, 
then 

{piJ')X = (pr o^)X = (j)X + 7r»C (16) 

and 

{p2J')X = h*iaa-^*C), (17) 
where ( is some element ofTN° such that X + ( £ B D JB. 
If(,(£ T*N, then 

{piJ')i = tt'H = (18) 

and 

{V2J')i = -{h*r)v, (19) 
where rj is some element ofT*M\N f] B D JB such that h*rj = ^. 
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Proof. Consider X G TN. Since s is surjective there exists some ( € TN° such that X + ( Q 
BnJB and s{X + () = X. Now J{X + C) = (0^ + tt^C) + (f^b^ - <P*0 ^ B. Therefore 
4)X + vrttC € TTV and, by LemmaH (/>X + vrHC = (pr o0)X. Both ^ and CZll follow from CH). 

Now take ^ G T*N . Again, since s is surjective there exists some rj € T*M such that 77 € 
BnJB and 5(77) = ^. Now J(0 = vrfr/ - (/>*r? = vr'^^ - c/)*??, which is in B. Both (QHl) and CHl 
follow from (|15]|. □ 

For the remainder of this section, if L is a smooth vector bundle then r(L) will denote the 
space of all - not necessarily smooth - sections of L, and r°°(L) the subspace of smooth 
sections. 

Lemma 6. Let ^ G V{TN°). J/vrf^ € r°°(rM|Ar), then {h*(j)*)^ G r°°(r*iV). 

Proo/. As noted previously, if X G r°°(TiV) then (/)X = Y + tt^t], where y G r(TiV) and 
r/ G r°°{TN°). Now = CCf/"^) = C(^) +C(vr''r?) = Cl^r*^) = -??(vrl0. This function 

and its restriction to TN are smooth because vr"^ is. □ 

Lemma 7. Assume piocp is a smooth map and rj G T{T*M\n). If h*ri G r°°{TN) and vr^ry G 
T°°{TN) then {h*(t)*)'n G T'^{T*N). 

Proof Once again, if F G r°°{TN) then = (pr o0)y + vrHC for some C G r°°(TiV°). Now 
((r0*)r?)(y) = (r77)(<An = (/i*r?)((pro</,)y) + {h*r]){Jc) = (/i*r?) ((pr o</,)y) - ( {tt^ {h* rj)) ■ 
Thus ((/i*i?!>*)r/)(y) is a smooth function, and the lemma follows. □ 

We are now ready to give the conditions J' must satisfy in order to be smooth. 

Proposition 6. The vector bundle automorphism J' ofTN © T*N is smooth if, and only if pr o(f) : 
TN TN is smooth and it' is a smooth bivector field on N. 

Proof First assume that J' is smooth. Thus {piJ')X G r°°(TiV) for all X G r°°{TN). It 
follows from (HSJ that (pr o^) must be smooth. Also (pi J')C e T'^{T*N) for all ^ G T'^{T*N), 
and ((18)) shows that tt'" is smooth. 

Now for the other implication. For every X G r°°(r*A^) there is some C G r(rA^'') such that 
((l6]l and ((l7)) are satisfied. As J is smooth both o"i, and (/) are smooth. The smoothness of pr o(^ 
and CSl) show that vr^C G r°°(rM|7v). Thus, according to Lemma H (/i*(/'*)C G r°°{T*N), 
and the right hand sides of ^ and (HZll are smooth. Finally J'X = {piJ')X + {p2J')X G 
T°°{TN ®T*N). 

Now take i G r°°(r*7V). There must exist r] eV{T*M\N) such that (HH) holds, flU) holds, 
and h*ri = ^. The smoothness of vr' and ((18)) show that vr^r/ G r°°(rA^). Now Lemma [7] 
gives {h*(j)*)r] G r°°(r*iV), and the right hand sides of ((18)) and ((T9)l are smooth. Finally, 

^'e = (pi^')e + iP2J')^ G r°°(riv © T*N). □ 

We finish this section by using Lemma [l] to show when J' is integrable. 
Proposition 7. If J' is smooth then it is integrable. 
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Proof. First, observe that the vector bundles L± D Bq = {I ^ iJ)B£ are smooth. Since J' is 
smooth, its eigenbundles L'j_ are also smooth. It is not hard to check that any smooth section 
of L'_^ is /i-related to a smooth section of L_|_ n -Be- 

Hence for any a[,a2 G r°°(L'^_) there exists (Ti,cj2 G r°°(L+ n Be) such that ai a'^ and 

(72 --^ cr2- Since is integrable [[cti,(T2I|q G r°°(L_|_), and it follows from Lemma [T] that 

[c'"!! C2]lf^ [u']^, cry^- Thus [[o-']^ , cry G r°°(L'^_), and L\ is involutive with respect to the 
T-twisted bracket. □ 



5 Main theorem 

The following definition will be used to characterize when a twisted submanifold is also 
generalized complex; see [9J for the motivation of this definition. 

Definition 2. Let (M, vr) be a Poisson manifold. A smooth submanifold of M is a Poisson- 
Dirac submanifold of M if TN D 7r^(TiV)° = {0}, and the induced Poisson tensor vr' on N is 
smooth. 

The next theorem is the main result of this paper. The untwisted version of this result was 
obtained independently, using a different method, by Vaisman f2V\. 



Theorem 2. Let (M, J7, J) be a twisted generalized complex manifold with J = J^^, . A twisted 

submanifold N of M inherits a twisted generalized complex structure J', making it a twisted gener- 
alized complex submanifold, if and only the following conditions hold: 

(1) N is a Poisson-Dirac submanifold of{M, vr), 

(2) (piTN) C TiV + 7rtt(riV°), 

(3) pr o(j):TN ^ TN is smooth. 



-i4>'r 



The generalized complex structure J' on N is given by 

J' 

Here <p' = pr o(f>\x]\j, n' is the induced Poisson tensor, and 

aliX) = h*{a,X-cP*C), (20) 
where ( G {TN)° such that X + ( e B n JB, as in Lemma\5\ 

Proof. This theorem is the construction and confirmation of the properties of J'. Proposition|5] 
combined with Lemma|3]shows that J'^ = —Id and J'* J' = Id. The smoothness of J' follows 
from Proposition [6l and the integrability of its +«-eigenbundle follows from Proposition [71 
The form of the generalized complex structure follows from Lemma |5l □ 

For the following examples let = 0. 
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Example 3. Let {M,j) be a complex manifold, and let be a smooth submanifold of M. 
There is a generalized complex structure on M given by = j, a = and vr = 0. Because 
the Poisson structure is zero, N is automatically a Poisson-Dirac submanifold. Condition 
(b) of Theorem |2] becomes j (TN) C TN, which is exactly the requirement for N to be an 
immersed complex submanifold of M. Now pr oj = jj^jy, which is a smooth map. Thus N is 
a generalized complex submanifold if, and only if, it is an immersed complex submanifold. 

Example 4. Let (M, cj) be a symplectic manifold and N a smooth submanifold of M. The 
generalized complex structure on M arising from lo is given by (p = 0, = uj\^ and = —oJ^^- 
Because ip = 0, conditions (b) and (c) of Theorem|2]are automatically satisfied. Now N will be 
a Poisson-Dirac submanifold of M if, and only if, is a symplectic submanifold of M. Thus 
is a generalized complex submanifold of M if, and only if, it is a symplectic submanifold. 

The last result of this section is an application of Theorem |2] to the stable locus of a twisted 
generalized complex involution. This result is similar to one for Poisson involutions ||TOl 
|22| . Let (M, rj, J) be a twisted generalized complex manifold. A twisted generalized complex 
involution is a diffeomorphism : M ^ M such that ^'^ = Id and 

K°J = J°K- (21) 

Here is the map from TM T*M to TM T*M defined by + = + 

Corollary 1. Let (M, Vt, J) he a twisted generalized complex manifold and let ^ be a twisted gener- 
alized complex involution of J. The fixed locus, N, of'^ is a twisted generalized complex submanifold 
ofM. 

Proof. Let ^ be an arbitrary element of T*M. Equation (|2T]) implies that (^*7rf^*)^ = vr^^. 
Hence ^'*7r = vr, and ^I'* is a Poisson involution. Because '^^ is a Poisson involution. Proposi- 
tion 4.1 of [221 implies that is a Dirac submanifold. Thus A'^ is a Poisson-Dirac submanifold, 
and condition (a) of Theorem |2] is satisfied. 

Take X G TN. Equation ^ implies that ^^{(pX) + ^*{a^,X) = cpX + a^,X. The vector 
field component of this equality proves that 4){TN) C TN , and condition (b) of Theorem |2] 
is satisfied. Thus pr o0 = ^l^-jv, which is a smooth map. Hence condition (c) of Theorem|2]is 
satisfied. □ 



6 Holomorphic Poisson submanifolds 

Let (M, j, vr) be a Poisson Nijenhuis manifold such that j : TM —>■ TM is an integrable 
almost complex structure. Such a structure is equivalent to a holomorphic Poisson structure 
The holomorphic Poisson tensor is given by 11 = irj + in, where vr^ = vr^ o j* . 

A generalized complex structure on M is given by, ||8l l20| . 

In general, if A^ is a generalized complex submanifold then the induced generalized complex 
need not have cr' = 0. 

Recall that TN n ■k'^{TN'') = {0} and (t){TN) C TN + J{TN°). Thus, we can define the 
composition 

TN ^TN® vr" {TN°) ^ 7r» {TN°) . (23) 
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Proposition 8. Consider the generalized complex structure ([22]), and let N bea generalized complex 
submanifold of M. Now, a' = if, and only if, 

</>(riV) C7r«((pr2o0(riV))«). (24) 

Proof Take X G TN. Then [^] e TN ® T*M\n = B. Since B = B n JB + B-^ and 
5-L = TN° there exists a C € TN" such that [ f ] e BnJB.But then J [ ^ ] e B too, and so 

(j)X + vrf C G 

In other words, given X G TN there exists C G T7V° such that (/>X+7rCC G T'A^- Since (/"(TiV) C 
TN e 7r«(TiV°), this is equivalent to prg o</.(X) = -^^C- Recall that cjf(X) = h*{ai,{X) - (t>*C). 

Now, assume a = 0. Then cr' = if, and only if = for all X G TiV. From the 

previous discussion, this will be true if, and only if h*{(j)*C) = for all C G TN° such that 
vr^C G prg o(p[TN). Which is equivalent to 

TN" n {n^y\pi2 oc^{TN)) C (<^*)-i(riV°). (25) 
Let A = pr2 o(p{TN). Now, 

(vr«)-i(^) = ((vr«)*)-\^) = (vr«(A°))°, 

and 

((/.*)"HriV°) = {(l){TN)y. 

Hence, ((25)l becomes 

(riv + ^»(^°))° c (</.(riv))°, 

which is equivalent to 

(p{TN) CTN + tt\A°), (26) 

So a generalized complex submanifold N, of a generalized complex manifold M with gener- 
alized complex structure (|22)) , will have a generalized complex structure of the same form as 
(|22)) if and only if (f){TN) C TA^ + 7r''(yl°). Now, consider the following series of equivalent 
statements: 

A C tt\TN°) 
A° D (7r»(TiV°))° 
A° D (TT^y^iTN) 
TT^{A°) D 7r«((7r«)-i(TiV)) = TN. 

Thus ((26)) becomes 

(l){TN) C 7r«(.4°). (27) 

□ 

If is both a complex submanifold of {M,j), and a Poisson-Dirac submanifold of (M, n) 
then this condition will automatically be satisfied and there will be a generalized complex 
structure of the form (|22)l on N. Thus will also be a holomorphic Poisson manifold. 
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7 Spinors and generalized complex submanifolds 



Generalized complex structures may also be realized using Clifford algebras and spinors. 
The aim of this section is to prove that generalized complex submanifolds can also be realized 
using spinors. Details for the definitions in this section can be found in [11], and the sections 
of mi cited therein. 

Let y be a finite dimensional vector space and let CI denote the Clifford algebra of Vc © ^ ■ 
There is an action of C/ on A*(V^) defined by 

(X + • M = + C A /i, 

for all X + ^ e Vc © and fi £ A'iV^). The elements of /\'{V^) are called spinors. Each 
spinor has a null space: 

= {X + ^ £ Vc (BV^ : {X + ■ l^ = 0} ■ 

This subspace is isotropic, and if it is also maximal isotropic then the spinor is called pure. 
Using the notation of Section|2l every pure spinor can be written as 

p, = c(det(i?°)) A exp(e), (28) 

where c G C is nonzero, R C Vc, and e E a'^R*. It is known that pure spinors, up to 
multiplication by a constant, are in one to one correspondence with maximal isotropics |6| . 
The maximal isotropics and = Ljx will have trivial intersection if, and only if, ||6ll 

Here (., .)jnuk Mukai pairing. See lU for details. 

For each m e M the previous constructions can be applied to {TmM © T^M)'^. The bundle 
formed by these Clifford algebras is called the Clifford bundle. In this context spinors are 
members of $7* (M), and their null spaces are maximal isotropic subbundles of TcM T^M. 
The following proposition follows from Theorem 6.4 of [2J. It is also proven in [llj for the 
untwisted case. 

Proposition 9. Generalized complex structures are in one to one correspondence with pure spinor 
line bundles £ c a'T^M such that the following hold. 

(1) Ifp £ C then {p,Tl)^^^ ^ 0. 

(2) For any local nonzero section p G T{£\u) there exists a local section X + ^ € Xc{U) © ^c{U) 
such that dfi{p) = {X + ■ p. Here dQ = d + il,. 

For each point m e M the spinor line C\m is of the form (|28)l 

Let h : N ^ M he a twisted submanifold with a generalized complex structure defined by 
a spinor line bundle C C A'T^M. This spinor line bundle naturally induces a line bundle in 
(A^) given by h*C This induced line bundle could potentially give a generalized complex 
structure on N. We will show that the maximal isotropic defined by h*C is in fact Bh{Lc). 

Proposition 10. Let (M, J, Vl) be a twisted generalized complex manifold and let 9 be the pure spinor 
line that also gives J. If h : N ^ M is a twisted generalized complex submanifold of M, with 
generalized complex structure J', then the spinor associated to J' is h*0. 
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Proof. Let L denote the Dirac structure associated to J. The spinor line bundle associated to 
L is given by 

C = {c(det(i?°)) A exp(e) : c G C} . 

Now, 

/i*(cdet(i?°) Aexp(e)) = cdet((/i"^i2)°) A exp(/i*e). 
This line bundle is the same as the line bundle associated to Bh{L). □ 

With this proposition it is now a simple matter to give the conditions for a twisted generalized 
complex submanifold in terms of spinors. The involutivity is guaranteed by Lemma [T] 

Corollary 2. Let M bea twisted generalized complex submanifold, with associated spinor line bundle 
L. A twisted submanifold h : N ^ M is a twisted generalized complex submanifold if and only if 
h*C is a pure spinor line bundle and {h*fj,, h*Jl)^^^^ / 0/or all n ^ C. 

8 Generalized Kahler submanifolds 

Finally we will consider submanifolds of generalized Kahler structures. A twisted general- 
ized Kahler structure on M is a pair of twisted generalized complex structures Ji , J2 : TM © 
T*M -> TM ®T*M such that: 

(1) Ji and J2 commute, 

(2) {X + ^, Ji J2(y + r/)), is a positive definite metric. 

The first proposition of this section gives a condition, in terms of the eigenbundles, for when 
two complex maps will commute. 

Proposition 11. Let W bea real vector space with two maps V'l , "02 :W^W such that ■0i = V'i = 
—Id. Also, let L\_ denote the +i-eigenbundles of these maps, and denote the —i-eigenbundles . 
Using this notation, -01 and -02 commute if, and only if, 

Wc = {L\ n Ll) © {L\ n Li) © {Ll n l\) © {lI n lI). 

Proof. First assume the two maps commute. Because of this fact, every w G Wc can be written 

as 

W =i(Id - iJi)(Id - iJ2){w) + i(Id - iJi)(Id + iJ2){w) 

+ i(Id + i Ji)(Id - iJ2)H + i(Id + iJi)(Id + iJ2)H 

:=w'\_ + + w'^ + wZ. 

It is clear that G Lh^, and G L\. Now assume every w G Wc can be written as 

w = w\ + w~^ + w^ + wZ, where wf G L)^ and Wj^ G L^. Now {'4>2°''Pi){w) = V'2(i^^+ +iw'i — 
iw^ — iw^) = —w^ + wi + — wZ, and (^1 o ip2){w) = —w^ + wt. + wZ^ — wZ- □ 

Let Ji , J2 : TM ®T*M ^ TM © r*M be two commuting bundle maps such that = J| = 
—Id. Also, let Lj. denote the +i-eigenbundles and —i-eigenbundles of J^. We also use the 
notation of Section H In that B = TN ® T*M\n, and s : B ^ TN T*N. The next two 
lemmas relate the condition above to our conditions. 
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Lemma 8. The following are equivalent 

(1) TcN e T*N = s{{L\ n Ll) n Be) +s{{L\ n Ll) n Be) + s((lL n Ll) n Be) + s((lL n 
Ll)nBe). 

(2) TN e T*N = s{B n JiB n J2S n Ji J2-B). 

(3) B = Bn JiB n J2S n J1J2B + s-^. 

(4J JiB^ nBCB^, J2B^ nBCB^, and B n Ji Ja-B^ C S^. 
Proof. 

(1) =^ (2): Every v e TcN ® TjtiV can be written as v = .s(f;|) + s{vt) + s{v~) + s(i)Z), 
where i)^ £ L]_nL'^n Be and G LL n n ^c- Now let v = + vl: + + vZ, 
and so V = s{v) and w G 5c. Now G Be, J2{v) G -Bc/ arid JiJ2{v) G -Be. Thus 
V £ Ji {Be), V e J2 (Be), and v e J1J2 {Be). Finally, taking the real parts of each of these 
gives (2). 

(2) =^ (1): Every v G TN © T*N can be written as f = s{v) for some v € B D JiB n 
J2B n J1J2B. Alternately v = s{v) for some w G B such that Ji{v) G J2('u) G and 
<^i<^2(^^) € B. Now we can write 

V = i((Id - iJl) O (Id - iJ2)iv) + (Id - iJl) O (Id + iJ2)(^) 

+ (Id + Zji) O (Id - J2){V) + (Id + iJi) O (Id + iJ2){v)). 

By definition each of these components is in the intersection of the eigenbundles, and 
the previous discussion shows that each of these terms is also in Be- 

(2) <s=^ (3): We know s{B) = TcN © T^N, and ker(s) = B-^. Thus these two conditions 
are equivalent. 

(3) <^=^ (4): This equivalence is a fairly straightforward calculation 

B = B^ + Bn JiB n J2B n J1J2B 

if, and only if, 

B cB-^ + JiB n J2-B n J1J2B 

if, and only if, 

B n {JiB^ + J2B^ + JiJ2B^) C B^ 

if, and only if, 

B n JiB^ + B n J2B^ + Bf\ JiJ2B^ C 

if, and only if, 

B n JiB^ CB^,Br\ J2B^ C B^, and 5 n Ji J25^ C B^. 

□ 

This last lemma strengthens the conclusions of the first statement in the previous lemma. 

Lemma 9. IfN is a twisted generalized complex submanifold of{M, Ji) and {M, J2) then the sums in 
expression (1), of the previous proposition, are direct. Also, each of the components in this expression 
can he rewritten as 

s((L^nL|)n5c) =FlnFl, 

where = Bi{L'D. 
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Proof. The fact that Ji and J2 descend to generalized complex structures on N implies that 
pkf-^pk_ |Q|^ |.|^g sums must be direct. Now, by definition s{L^ n Be) = and it is 
obvious that s((L^ n L|) n Be) C n F^. To see the other inclusion, consider F^, n . 
This subset will have zero intersection with Fl and F^, and so it will not intersect with any 
of the other components. However, F| n F| C TcN T^N, and the fact that TqN T^N is 
made up of these four components implies that F_]: n F^ C s[{L]_ n L^) n Be) . □ 

We are now ready to prove our last theorem, namely that these conditions are guaranteed 
to be satisfied by a generalized Kahler structure and so our notion of generalized complex 
submanifold preserves generalized Kahler structures. 

Theorem 5. Let N bea twisted submanifold of a generalized Kahler submanifold (M, Ji , J2). If N is 
a twisted generalized complex submanifold of{M, Ji) and {M, J2), then {N, J(, J2) is automatically 
a twisted generalized Kahler manifold. 

Proof. All that we need to show is JjJg = J2'^{, and the metric induced by G' = J'iJ'2 is 
positive definite. We start with the commutativity. By Lemma |9] and Proposition [TTl if one 
of the equivalent conditions in Lemma |8] is true then Ji and J2 will commute. Consider 
condition (4) of this lemma. By assumption JiB^ r\ B (1 B^ and J2B-^ n B Q B-^. All that 
remains is to show B D JiJ2-B^ ^ B^. Take v £ B n JiJ2B^, so v e B^ and J1J2V G B. 
Thus {v, J1J2V) = 0. However, by assumption this metric is positive definite and so v = 0. 
Thus B n JiJ2B^ C {0}, and B n Ji 72^^ C B-^ is always true. It remains to show that J( 
defines a positive definite metric. Take v G TM T*M and v € B D JiB D J2B D J1J2B such 
that s{v) = V. Because s does not change the inner product 

{V,J[J!2{V)) = {S{V),J[4S{V)) = {S{V),SJIJ2{V)) = {v,JlJ2{v)), 

and the positive definiteness of Ji J2 implies the positive definiteness of J( J2 • □ 
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